Abstract. A (discrete) group G is said to be maximally almost periodic if the points of G are distinguished by homomorphisms into compact Hausdorff groups. A Hausdorff topology T on a group G is totally bounded if whenever
Introduction and historical remarks
In the general topological study of topological groups there is an extensive literature addressing questions of the following form: Given properties P and Q, does every topological group with P contain a (dense) subgroup with Q? This paper participates in that tradition, with P the class of totally bounded groups and with Q the class of strongly extraresolvable groups. We turn to the necessary definitions and relevant background.
Embellishing and improving earlier theorems of Hewitt [8] , Ceder [2] showed that every metrizable space without isolated points, and every locally compact Hausdorff space without isolated points, is maximally resolvable in the following sense: Each such space X = (X, T ) admits a family of ∆(X)-many pairwise disjoint dense subsets; here ∆(X), the so-called dispersion character of X, is the cardinal number ∆(X) = min{|U | : ∅ = U ∈ T }. Evidently Ceder's word "maximal" is fully justified and well-deserved: No pairwise disjoint family D of dense subsets of X can satisfy |D| > ∆(X). Subsequently however Malykhin [10] suggested the usefulness of considering a family D of dense subsets of a space X, with |D| > ∆(X), whose pairwise intersections, though not necessarily empty, are "small" in some appropriate sense. Malykhin focussed on the property nowhere dense; other possibilities, topological or measure-theoretic in nature, will occur to the reader.
Specifically, Malykhin [10] calls a space extraresolvable if there is a family D ⊆ P(X) of dense subsets of X such that |D| > ∆(X) and every pair of distinct elements of D has nowhere dense intersection. [We were informed in an e-mail message in May, 1998 from Professor Malykhin that in [11] , [12] he has refined and advanced the results of [10] . He has found for example in every countable totally bounded group a "weak sequence of finite sets converging" to each point of the group, thus establishing simultaneously the extraresolvability of each totally bounded group topology on each countable group.] We here propose a narrower, more restrictive property; it not only demands that the space is extraresolvable in the sense of Malykhin, but it also explains why it is extraresolvable.
Definition.
A space X is strongly extraresolvable if there is a family D of dense subsets of X such that |D| > ∆(X) and every pair D, E of distinct elements of D satisfy |D ∩ E| < nwd(X); here nwd(X), the nowhere density number of X, is the cardinal number defined by [15] showed that every homomorphism from the matrix group SL(2, Q) to a compact group is trivial. See also von Neumann [14] ( §18) for a similar conclusion concerning the groups SL(n, R) for 2 ≤ n < ω.) Evidently a maximally almost periodic group G embeds algebraically into a compact Hausdorff group. Each topology T which G inherits from a compact group is totally bounded in the sense that whenever ∅ = U ∈ T there is F ∈ [G] <ω such that G = U F . Presenting theorems of Malykhin based on a novel construction of Protasov, those authors show [13] that every totally bounded topological group (G, T ) is maximally resolvable; indeed there is a pairwise disjoint
bounded group topology on G. (Though the point is not made in [13] , this stronger statement follows from the weaker one: Every maximally almost periodic group admits a largest totally bounded group topology t(G)-specifically, the topology induced on G by all homomorphisms into compact groups-and it is clear that any t(G)-dense subset of G is dense in every totally bounded group topology on G.)
In the present paper we show (Theorem 2.9) that every maximally almost periodic group G contains a subgroup H with a family D ⊆ P(H) such that H is dense in every totally bounded group topology on G, d(H, t(H)) = |H|, and H admits a family of subsets D which is strongly extraresolvable for every totally bounded group topology T on H satisfying d(H, T ) = |H|.
Remark.
Results of this and of our related manuscript [3] were announced at the URLs www.unipissing.ca/topology/i/a/a/c/53.htm and www.unipissing. ca/topology/i/a/a/c/55.htm of the Topology Atlas website.
Dense subsets with nowhere dense intersection
Our first lemma strengthens a familiar statement (see [7] (12.8), for example).
Lemma. Let α ≥ ω, let {A ξ : ξ < α} be a (faithfully indexed) family of pairwise disjoint sets with each
Proof. Clearly there is a pairwise disjoint family D ⊆ P(X) satisfying (the analogues of) (ii) and (iii) such that |D| = α. Zorn's Lemma then gives a family E of sets maximal with respect to conditions (i ), (ii) and (iii) where (i ) is the condition
The set E := {x ξ : ξ < α} evidently satisfies (ii), and |E ∩ E η | ≤ |η| < α for each η < α (whence E / ∈ E), contrary to the maximality of E.
In what follows for a group G we write
The next lemma has been noted in [13] .
Lemma. Let G = (G, T ) be a totally bounded topological group and let
Next comes the combinatorial lemma upon which the proof of Theorem 2.4 chiefly depends.
Lemma. For every group G with |G| = α ≥ ω and for every indexing
Proof. Write L := { η, ξ : ξ ≤ η < α} and give L the usual lexicographic ordering: η , ξ < η, ξ if either (a) η < η, or (b) η = η and ξ < ξ. By recursion, for η, ξ ∈ L we will define S(η, ξ) ⊆ G and a η,ξ ∈ G. Let S(0, 0) = ∅ and let a 0,0 be arbitrary in G. Now let η, ξ ∈ L, suppose that S(η , ξ ) and a η ,ξ have been defined for all η , ξ < η, ξ , and define
When η < ω, we have |S(η, ξ)| < ω ≤ α and when ω ≤ η < α, we have |S(η, ξ)| ≤ |η| 2 + |η| 2 · ω < α; thus there is a η,ξ ∈ G\S(η, ξ). The definitions of S(η, ξ) and a η,ξ for η, ξ ∈ L are complete. For ξ < α we define A ξ = {a η,ξ : ξ ≤ η < α} and we verify (i), (ii), (iii) and (iv).
(i) For η < η < α, from η , ξ < η, ξ we have a η ,ξ ∈ S(η, ξ) and hence
(ii) and (iii). Let ξ = ξ and let a η ,ξ ∈ A ξ and a η,ξ ∈ A ξ . Then, assuming without loss of generality that η , ξ < η, ξ , we have a η ,ξ ∈ S(η, ξ) and
Suppose without loss of generality that a = a η,ξ and a = a η ,ξ with η < η. Then η , ξ < η, ξ , and from a η ,ξ · F ξ · F ξ ⊆ S(η, ξ) and a η,ξ / ∈ S(η, ξ) follows
As usual for a space X we write d(X) = min{|A| : A is dense in X}.
Theorem. Let G = (G, T ) be a totally bounded topological group such that
|G| = d(G) = α ≥ ω. Then G is strongly extraresolvable.
Proof. From the fact that G is covered by finitely many translates of each nonempty U ∈ T it is immediate that ∆(G) = |G| = α and that nwd(G)
α be as given by Lemma 2.3, and (using Lemma 2.1) let E = {E η : η < α + } be a faithfully indexed subset of [G] α such that |E η ∩ A ξ | = 1 for η < α + , ξ < α, and |E η ∩ E η | < α whenever η < η < α + . Abandoning earlier numeration, for notational convenience we now let E η ∩ A ξ = {a η,ξ }, and we set
Since D η is dense in G by Lemma 2.2, it remains only to check that |D η ∩ D η | < α whenever η < η < α. We have
Theorem. Every infinite totally bounded topological group admits a dense strongly extraresolvable subgroup.
Proof. Given such a group G let H be a dense subgroup of G such that |H| = d(G). Then |H| = d(H), so Theorem 2.4 applies to H.
2.6.
Remark. From Theorem 2.5 it follows that every infinite totally bounded topological group with no proper dense subgroup is strongly extraresolvable. The interested reader might consult [4] for a (presumably incomplete) list of Abelian groups which satisfy that criterion. Long before the appearance of [4] it was known that every infinite Abelian G, in the topology induced by Hom(G, T), has the property that each subgroup is closed. (Equipped with this topology, the so-called Bohr topology, G is often denoted G # ; this notation and many early relevant results and questions are due to van Douwen [5] .) Because of the interest which the groups G # have generated, we record this special instance of Theorem 2.5 explicitly.
Corollary. Let G be an infinite Abelian group. Then G
# is strongly extraresolvable.
Finally in Theorem 2.9 we note that with minimal additional effort Theorem 2.5 can be sharpened and enhanced. (Theorem 2.9 is the result stated as Theorem 2 in the abstract.) 2.8. Remark. In contrast to the necessary relation H = G with G as in 2.6 and 2.7, the inclusion H ⊆ G of Theorem 2.5 must be proper when G is (infinite and) compact. Indeed it is noted in [6] that such a group G cannot even be extraresolvable. To see this let w(G) = α and with D a family of dense subsets of 
Theorem. Let G be an infinite maximally almost periodic group. Then there are a subgroup H of G and a family D ⊆ P(H) such that (i) H is dense in every totally bounded group topology on G; (ii) the family D is a strongly extraresolvable family for every totally bounded group topology T on H such that d(H, T ) = |H|; and (iii) H admits a totally bounded group topology T as in (ii).

Proof. Let t(G) be the largest totally bounded group topology on G, let H be a dense subgroup of (G, t(G)) such that |H| = d(G, t(G)), and let t(H) be the largest totally bounded group topology on H. From t(G)|H ⊆ t(H) follows
|H| = d(H, t(G)|H) ≤ d(H, t(H)) ≤ |H|,
(H, t(H)) = c and the inclusion t(G)|H ⊆ t(H) is proper (since w(H, t(G)|H) = ω).
The same example shows that not every maximally almost periodic group G admits a totally bounded group topology T for which d(G, T ) = |G|. Indeed with respect to the unique totally bounded group topology on SO(3, R) we have d(SO(3, R)) = ω < c = |SO(3, R)|.
(b) Our results concerning maximally almost periodic groups apply of course to groups which admit a compact Hausdorff group topology, but there are severe limitations to extending the argument to locally compact groups: Every such (nondiscrete) group admits a dense extraresolvable subset, but not all such groups admit a dense extraresolvable subgroup; and there are locally compact nondiscrete groups with no dense strongly extraresolvable subset. For these and related results, including examples of extraresolvable groups which are not strongly extraresolvable, the interested reader may consult our paper [3] .
